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We compare quantum-mechanically spontaneous emission and resonance
transfer of excitation between mirrors. The comparison has the advantage of
helping us to understand decay phenomena in microstructures better in terms
of real and virtual photons.

INTRODUCTION

Decay phenomena are among the most basic problems in the quantum theory
of radiation. For they not only are prototypes to show the perturbation method in
solving quantum-transition problems, but also related to some fundamental questions
in quantum electrodynamics (QED), such as the properties of the quantum vacuum
I and causality?.

The effects of electromagnetic boundary conditions on atomic decay properties
have been extensively studied over the past decades, which are of interest both from
the theoretical point of view and because of potential applications for techniques in
the mesoscopic and nanoscopic regimes3~1%. In this paper we discuss and compare
quantum-mechanically spontaneous emission and resonance transfer of excitation in
a microcavity. Such a comparison has the advantage, not only of helping us to
understand the connection between these two processes better, but even more, of
exhibiting very clearly different roles played by real and virtual photons in decay
phenomena between mirrors. In the discussion, considerable emphasis is placed on the
near field effects which become more and more important in optics of nanostuctures,
for example, techniques like scanning near field optical microscopy (SNOM)!7. The
outline is as follows: in Section IT and IIT we discuss modified spontaneous emission
and resonance transfer of excitation in a microcavity, respectively. From the discussion
one will see that the radiative properties of an atom are drastically influenced by
the surrounding atoms in a microcavity, because resonant dipole-dipole interaction
(RDDI) between atoms with small separation provides an additional pathway for the
radiating atom to decay. A summary of the comparison between the two processes
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is contained in Section IV. Appendix A gives some mathematical details regarding
the evaluation of integrals in Sec. III, and Appendix B shows how the same result in
Sec. III with the multipolar form of Hamiltonian can be obtained using the minimal
coupling formalism.

MODIFIED SPONTANEOUS EMISSION BETWEEN MIRRORS

According to perturbation theory in quantum mechanics, spontaneous decay
is described as a first-order transition problem, in which the initial state |E;> is
discrete (excited atom plus vacuum field) and the final state |E;> continuous. The
total transition probability can be obtained by summing over the range of continuum
states, and the spontaneous emission rate is defined by

27 9
Pop = —| < By|Hint|Bi>["6(Ef — Ei) (1)
where H,,; is the interaction Hamiltonian. This is the well-known Fermi Golden

Rule.

If the multipolar Hamiltonian in dipole approximation is chosen'®,
1 1
Hint = ——p -d~, (2)
€0
the Fermi rule gives the decay rate:
Py = 2T L, 1 A)| — - | 05[28( oy — 10) 3)
sp = ) ) 1 - — K- ) eg — n)-
P h €o a g s

knX

Here, u is the electric dipole and d* is the Maxwell displacement vector, which is
the canonical conjugate to vector potential A (to within constant factors) satisfying
the boundary conditions in a cavity consisting of two parallel mirrors placed at z =
Oand z = LS
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where p is in the zy plane, k is a two-dimensional wave vector parallel to the mirrors,
agnx are annihilation operators specified by a polarization index A= 1, 2. In the initial
state the atom is in the excited state |E> with no photon present, and in the final
state it is in the ground state |G> with one occupied photon in the field. In the delta
function K4 is the transition energy and Q, are the existing photon frequencies in

the cavity :
nwe

O, =k + (T)Z (5)
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Without loss of generality, one can assume that the atom is located at position
R = (0, 0, z) with dipole moment & = (5, 0, 1), then the decay rate is calculated

as
[e%s} o0 2 2
B c 3 9 ge a2 o (TN ¢ + (nm/L)
Psp - 4€0L3 HZ:%((;HO + 2(1 6710)) /nﬂ-/L qu{/'Lx (Z) sin ( 17 ) q
2 _ 2
oot (o) eos? (M22) LT ey (6)
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where ¢? = k? + (nm/L)%.

Because of the existence of the delta function in Eq. (6), only those terms
satisfying
Eeg nmw
> — 7
he — L Q)
or n = n* (= 2L/A*, where A* is the transition wavelength) contribute to the decay
rate. Thus

s N
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where N is the maximal integral part no larger than n*. Since there is the following

identity for series

N g N cos(N + lasin Nz
Zsm ne = 5 -

2sinx

, (9)
n=1

(an identical relation holds also for cosine function), differentiating them with respect

to = twice leads Eq. (8) to the same result found by G. Barton ® and M. R. Philpott?,

in which an alternative Hamiltonian in the minimal coupling formalism —p - A was
m

used. Two Hamiltonians are related to each other by a canonical transformation'®.

Therefore, there is a striking feature of spontaneous decay being completely
inhibited for the cavity length L < A*/2 when the dipole is parallel to the mirrors (p.
= 0). In quantum theory this results from the fact that the delta function 6(E.q -
7k n) in Eq. (3) requires conservation of energy and momentum in the process, i.e.,
spontaneous decay is due to the emission of real photons of resonant frequencies into
the space irreversibly propagating away.

Indeed, the complete inhibition of spontaneous emission is only possible with
perfect mirrors. In the classical electrodynamical description of a dipole between
mirrors, =12 the correction of the radiative properties is attributed to the radiation
reaction (the self-field and the reflected field by the mirrors) on the dipole. The
quadrature component of the reaction field, which remains finite, causes a modification



4 Sing. J. Phys., Vol. 16, No.1, 2000, 1-13

of the decay rate, whereas the component in phase with the dipole oscillation, which
diverges at the dipole location, shifts the oscillation frequency (after renormalization).
Generally, the effects of mirrors is modeled by a complex reflection coefficient of a real
amplitude with a phase shift. For imperfect mirrors, the extra phase shift can admix
the divergent (near field) component to the decay rate of the dipole; as a result, and
the decay rate diverges for a parallel dipole between mirrors with sufficiently small
separation.

The near field effects have recently become more and more important for
understanding physical phenomena in the nanoscopic regime, due to much of recent
progress in SNOM. At sufficiently short distances the near field plays a significant role
in the interaction of atoms with their environment, such as the tip-sample interaction
in SNOM '7 and dipole-phase conjugate mirror coupling.'® However, as far as the
above first-order perturbation theory in quantum mechanics is concerned, spontaneous
emission of Eq. (3) cannot account for the effects of the near field in decay processes,
which need second-order perturbation theory. As a matter of fact, an additional
phase shift in the reflection coefficient phenomenologically describes energy losses to
the mirrors. Thus, in the following section we shall discuss the excitation (energy)
transfer of an atom-pair between mirrors, which will be helpful for us to understand
not only the role of wirtual photons in decay processes, but also the relationship
between spontaneous emission and resonance transfer of excitation.

MODIFIED EXCITATION TRANSFER IN A CAVITY

In the problem of resonance transfer of excitation, the interaction Hamiltonian
for the system is best given in the multipolar form. In electric-dipole approximation,
for a pair of atoms, it can be written as '8

Hinte = —%N(A) SdH(Ry) — %ﬂ(B) -d*(Rp) (10)

Let A and B be two-level identical atoms one of which is in an excited state.
With second-order perturbation theory, the Fermi golden rule also gives the rate

2
of excitation transfer P, = %|M|2(5(EZ — E¢) with the matrix element for the

transition

< EaGp;0|Hin|l >< I|Hint|GaEg;0 >
M= 11
ZI: EZ'—E[—iE ( )

in the limit ¢ — 0, where the intermediate states are of two types: |G4Gp; 1(k, n,
A)> and |[E4ER; L(k, n, A)>, E;, E;, and Ef are energies of the initial, intermediate,
and final states. Eq. (11) can be divided into two parts 2°

M= V41T, (12)
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with

GaEp;0|Hinel! I Hint|EaGg;0
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I

b — Ey

which is a principal value integral representing the potential energy between the two
atoms, and

I =" < GaEp;0|Hini|I >< I|Hint| EaGp; 0 > n6(E; — E), (14)
I

which corresponds to the case when a real photon is transferred from one atom to
the other, in terms of the spontaneous emission and induced absorption of the real
photon.

Consider that two atoms are located at R(A) = (0, 0, z4) and R(B) = (z, 0,
zp) in the zz plane between the mirrors. By taking into consideration two possible
polarization indexes of the photon of the intermediate states, we have
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where 11;9°(A) = <Gal|p;(A)|Ea> and p;%9(B) = <Ep|p;(B)|Gp>, and k = k(cosd,
sind, 0).

After conversion of the k-sum into an integral, for example, the first term in
the large square bracket in the right-hand side of Eq. (15) (denoted by V) becomes
R . MWZA . NTZ
i = yr— Zn:(éno + \/5(1 — (5n0))2 sin LA sin LB
oo 2,2 )2
" / kdk— c —1—2(7171'6/ ) i
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(15)
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+ g (A (B)(Jo(kx) + Jo (k)] (16)

where J,(z) are the Bessel functions of the first kind.?! The different terms of the
integral can be evaluated by the residue theorem as shown in Appendix A.

Because the potential energy V arises from the exchange of virtual photons of
all frequencies — the principal value of the integral over frequency, it can be shown as
consisting of two parts of contribution both from evanescent and propagating modes
in the cavity. The latter can be merged into iT' of Eq. (14) (evaluated in a similar
way), and the matrix element M finally becomes

M= Mysns +iMycps (17)

with the evanescent-mode part
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where K, (z) are the modified Bessel functions, and the propagating-mode part

Mn<n* —

X

w2 . NTZ4 . NTZRB
m Z Sin L Sin L
n<n*
(2 ()2 (B) + e () (B)) (™ + n*) B

(B2 (A)pd (B) — pd*(A) g (B))(n*? — n2)H§2>(7TL—x\/n*2 — nz)}



Sing. J. Phys., Vol. 16, No.1, 2000, 1-13 7
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where Hn(l)(z), Hn(z)(z) are the Hankel functions.

Thus, the most dramatic difference between spontaneous emission and
excitation transfer between mirrors i1s the contribution from RDDI to the latter.
The excitation transfer can be assisted by evanescent waves even in cavities in
which spontaneous emission by the atoms is inhibited because the atomic transition
frequency is much less than the cavity cutoff frequency. 22

REMARKS

The decay properties of an atom are usually dependent on its environment.
Classically, the effects of electromagnetic boundary conditions on radiative properties
of a dipole between mirrors are phenomenologically modeled by a complex reflection
coefficient of the mirrors. For perfect conducting mirrors, it is shown that the decay
of a dipole parallel to the mirrors can be completely suppressed when the transition
frequency is much less than the cutoff frequency. However, for real mirrors, the
divergence of the decay rate at a small gap happens because the phase shift couples
the divergent near field of the dipole into the decay rate of the dipole radiation.

The microscopic description of decay phenomena, provided by QED, makes
a distinction between spontaneous decay and resonance transfer of excitation.
Spontaneous decay is due to a coupling between a single dipole and the
electromagnetic field, the rate of which is calculated by first order perturbation theory.
Since the decay rate is proportional to a delta function part in Eq. (3), the process
is described in terms of emission of real photons of resonant frequencies. On the
other hand, the calculation of the rate of excitation transfer requires second order
perturbation theory. The process not only is a result of real photons transferred
from one atom to the other, but also involves resonant dipole-dipole interaction by
exchange of virtual photons of all frequencies.
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Thus, the quantum description depicts a clear picture to us how decay
phenomena take place in terms of real and virtual photons. Resonance transfer of
excitation due to the RDDI part by exchange of virtual photons plays a significant role
in decay phenomena in physical systems with microscopic scale, like microcavities and
SNOM devices, which not only explains the divergence of radiation between imperfect
mirrors with small gap, because realistic mirrors are constituted of atoms, but also is
the underlying mechanism of using a pointed detector in SNOM devices to convert the
non-radiative field distribution near the sample surface into radiative fields detectable
in the far-field region (the tip-sample interaction).

Appendix A

The definite integral in Eq. (16) involves four terms taking the following forms:

k3 Jo (ka)
&3y (ka)

ek (A.2)
* kJo(kz)

/0 o dk (A.3)
* kJy(kz)

The contours are closed in Fig. 1, for example, for the term (A.1) with an
infinite quadrant in the upper and lower half-plane, respectively. When r? > 0, there
is a pole (# = r) on the real axis (Fig. 1(a)). Then

oo 1,3 y(1) oo p3pr(L)y in/2 ' 2
/ Wiy (k) (“)e—akdw/ Wy (7 h) hx)e‘w‘hdh—iw%Hél)(m)e‘W =0
0 0

k2 — g2 hZ + 12
(A.5)
and
oo k?’H(z)(k'x) a oo h?’H(z)(e_”/zhx) i o2 —or
/0 —z e Wk + /0 e — ¢ hdh + lTr?Héz)(rl‘)e =0
(A.6)

Adding them, we have
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(a) Imz ) (b) mz |

Fig. 1 Contours for the integral (A.1). (a) For r* > 0; (b) For r* < 0.
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where 1dentities
aPV ey + HP (rz) = 20(r2) (A8)
M)y — HP(rx) = 2iVe(rz) (A.9)

are used. Y ,(z) are the Bessel functions of the second kind. Taking & — 0 in
Eq. (A.7) leads to

© k3o (k) B wr?
/0 g dk = —=-Y(s) (A.10)

If »2 < 0, there are two poles (z = %is) on the imaginary axis as shown in Fig.

1(b), and we have
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(A.12)
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where s? = —r?. Adding Eqgs. (A.11) and (A.12) and using

. . 4i
(e sy — B (e % s2) = == Ko (sa), (A.13)
0
we obtain
© k3 Jo(kr) 9.
/0 mdk’ = —S5 [XQ(SI) (A14)

If 2 = 0, both Egs. (A.10) and (A.14) become zero.

Other terms (A.2)-(A.4) can be evaluated in a similar way. For example, there
is a pole at z = 0 for the term (A.4). Choosing contours C' and C* that detour
around the pole, we have

/Oo Mdk - _EYZ(SQE) _ 2 (A.15)

k? —p2 2 x2r?

for r? > 0, and

< kJay (k) .
/0 wdk’ = —[XQ(SI) + 1‘27°2 (A16)
for 72 = —s? < 0, where the second terms in the right-hand sides are the residue at 2

= 0. If »» = 0, both Eqgs. (A.15) and (A.16) take the value 1/2.
Appendix B

We now show how the same expression for the rate of excitation transfer can
be obtained using the minimal coupling Hamiltonian

[ [
Hipy = — ad AR - «B AR Vin er B.1
¢ mzo;PA (Ra) mza:PB (RB) + Vint (B.1)

where the summation of momentum p,, is over the electrons of atoms A and B, and
V inter is the Coulomb coupling term. In Eq. (B.1) we neglect terms quadratic in e
since they do not contribute to inter-atomic coupling in this order.

To calculate Ve, we first give the Green’s function in the space inside two
infinite parallel mirrors a distance L apart:

1 <~ . nrnz . nvZ __ nm
Geyz|XY 7)) = = Zsm —sin T[XQ(T\/(l‘ - X)?24+(y-Y)? (B.2)

n=1
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Therefore, the scalar potential related with the charge density p(XY7) is

d(ryz) = %///G(J:yz|XYZ)p(XYZ)dXdeZ (B.3)

Consider a dipole, A, to be at (0, 0, z4), then the corresponding potential
becomes

1 Z
p(ryz) = N ng_lnsin nLﬂ[uz(A) cos mTLZA sin nz Ko(nL—ﬂ-\/xz +y?)
(A A) . :
zha(4) + gy (4) sin 224 KO(—nﬂ- 22 4+ y?)] (B.4)

L

Erg T

If another dipole, B, is added, the electrostatic energy of the system formed by the
two dipoles is given by

Vinter == _/'L(A) . EA (B), (B5)

where F 4(B) is the electric field by dipole A at the position (z, 0, zp) of dipole B.
Using E(zyz) = - grad¢, Eq. (B.5) becomes

T <= . nTZ4 . nNTZp
Vinter — 5. 73 Z sin sin
2¢0L = L L
. onmz
e (A e (B) + iy (A (B o (S25)
. onmz
(A (B) = gy (A (B)n? o (M5
P — nTZ4 nTZR 5. . NTE
+ €0L3HZ_:1COS 7 cossz(A)ﬂz(B)n AO(T)
T = . nmza nTZR 5, ,ATE
+ €0L3nz_:1$m 7 cosTﬂx(A)pz(B)n Al(T)
P — nTZ4 . NTZR 5, ,ATE
_ €0L3HZ_:1COS 7 sin 7 s (A pg (B)n Al(T) (B.6)

Then the Vjpier-related matrix elements can be calculated using Eq. (B.6). For
example, after substituting p;(A) with p;9(A) (= <Ga|pi(A)|E4>) and p;(B)
with 1;%9(B) (= <Eg|p;(B)|Gr>) in the right-hand side of Eq. (B.6), one gets the
expression for <GAEg|Vinter |EaGp>.
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Next we calculate the term pD A due to atom-electromagnetic field interaction.
This requires second-order perturbation theory in the same manner to the multipolar
formalism. The momentum transition matrix elements p;9¢ and p;® can be connected
to transition dipole moments in the following way '®

27
9¢ — _ime== pf° B.7
P ime— pi; (B.7)
and 5
9 — et e B.8
oY = ime = (B3)

With the above relations in calculating the matrix element for transition, additional
poles arise at k = £ ¢ F(nm,L) , when evaluating the principal value required as
before. This comes from the fact that Q, appears in the denominator of A.% Those
poles give a wholly non-retarded contribution which exactly cancels the electrostatic
contribution related with Vnier, leading to the result Eq. (3.8) found before.

REFERENCES

1. P. W. Milonni, The Quantum Vacuum: An Introduction to Quantum
Electrodynamics (Academic, San Diego, 1994), and references therein.

2. E. Fermi, Rev. Mod. Phys. 4, 87 (1932); J. Hamilton, Proc. Phys. Soc.
London A 62, 12 (1949); P. W. Milonni and P. L. Knight, Phys. Rev. A 10,
1996 (1974); 11, 1090 (1975); M. H. Rubin, Phys. Rev. D 35, 3836 (1987);
A. K. Biswas, G. Compagno, G. M. Palma, R. Passante, and F. Persico, Phys.
Rev. A 42,4291 (1990); D. P. Craig and T. Thirunamachandran, Chem. Phys.
167, 229 (1992); G. C. Hegerfeldt, Phys. Rev. Lett. 72, 596 (1994); P. W.
Milonni, D. F. V. James, and H. Fearn, Phys. Rev. A 52, 1525 (1995).

3. E. M. Purcell, Phys. Rev. 69, 681 (1946).

4. H. Morawitz, Phys. Rev. 187, 1792 (1969).

5. P. Stehle, Phys. Rev. A 2, 102 (1970).

6. G. Barton, Proc. Roy. Soc. Lond. A320, 251 (1970).

7. M. R. Philpott, Chem. Phys. Lett. 19, 435 (1973).

8. P. W. Milonni and P. L. Knight, Opt. Comm. 9, 119 (1973).

9. K. H. Drexhage, in Progress in Optics, Vol. 12, ed. E. Wolf (North-Holland,
New York, 1974) p.163.

10. R. R. Chance, A. Prock, and R. Silbey, Molecular fluorescence and energy
transfer near interfaces, Advances in Chemical Physics XXX VII, 1 (1978).



11

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

Sing. J. Phys., Vol. 16, No.1, 2000, 1-13 13

E. A. Hinds, Cavity quantum electrodynamics, in Advances in Atomic,
Molecular, and Optical Physics, edited by D. Bates and B. Bederson (Academic
Press, Boston, 1991), p.237.

S. Haroche, Cavity quantum electrodynamics, in Fundamental Systems in
Quantum Optics, Les Houches Summer School Session 53, edited by. J.
Dalibard, J. M. Raimond, and J. Zinn-Justin (North-Holland, Amsterdam,
1992), p.769.

Cauvity Quantum FElectrodynamics, edited by P. R. Berman, Supplement 2 to
Advances in Atomic, Molecular, and Optical Physics (Academic Press, Boston,

1994).
D. Meschede, Phys. Rep. 211, 203 (1992).

P. Meystre, Cavity quantum optics and the quantum measurement process, in
Progress in Optics, Vol. 30, edited by E. Wolf (North-Holland, New York, 1992)
p. 261.

Quantum Optics of Confined Systems, edited by M. Ducloy and D. Bloch, NATO
ASI Series, Vol. E314 (Kluwer Academic, Dordrecht, 1996).

D. Courjon and C. Bainier, Rep. Prog. Phys. 57, 989 (1994); C. Girard and
A. Dereux, Rep. Prog. Phys. 59, 657 (1996); Optics at the Nanometer Scale:
Imaging and Storing with Photonic Near Fields, edited by M. Nieto-Vesperinas
and N. Garcia, NATO ASI Series, Vol. E319 (Kluwer Academic, Dordrecht,
1996).

D. P. Craig and T. Thirunamachandran, Molecular Quantum FElectrodynamics
(Academic Press, London, 1984).

G. S. Agarwal and S. D. Gupta, Opt. Comm. 119, 591 (1995).

R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals
(McGraw-Hill, New York, 1965).

Notations and properties of Bessel functions can be found from Handbook of
Mathematical Functions, edited by M. Abramwitz and I. A. Stegun (Dover,
New York, 1972), or G. Arfken, Mathematical Methods for Physicists (Academic
Press, New York, 1985).

Q-B Zheng, T. Kobayashi, and T. Sekiguchi, Phys. Rev. Lett. 77, 406 (1996).



